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The minimal coupling of massless fermions to gravity does not allow for their gravitational production
solely based on the expansion of the Universe. We argue that this changes in the presence of realistic and
potentially detectable stochastic gravitational wave backgrounds. We compute the resulting energy density
of Weyl fermions at 1-loop using in-in formalism. If the initially massless fermions eventually acquire
mass, this mechanism can explain the dark matter abundance in the Universe. Remarkably, it may be more
efficient than conventional gravitational production of superheavy fermions.
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Introduction—The production of dark matter (DM), and
possibly other feebly interacting particles, in the early
Universe, remains a mystery. An intriguing possibility is
that gravity itself serves as the mechanism responsible for
the creation of DM in the Universe [1–4]. However, the
conventional mechanism requires very massive fields
(M ∼ 1014 GeV) [5,6] and/or a very hot plasma with
temperatures Treh ≳ 1013 GeV [7–9]. Otherwise the fer-
mions would enjoy at least approximate conformal sym-
metry, and their energy density would be a scaleless integral
that vanishes [10]. Besides large masses, conformal sym-
metry can also be broken via interactions, for instance with
Standard Model (SM) fields or with the inflaton [11–15].
Alternatively, chiral gravitational waves (GWs) in inflation
can produce Weyl fermions when parity is broken in Chern–
Simons gravity [16] or by non-Abelian gauge fields in
inflation [17–20].
The starting point of this Letter is the observation that

cosmic perturbations naturally and unavoidably break the
conformal symmetry of Weyl fermions in general relativity.
This raises the question of whether such perturbations—in
particular in the form of stochastic gravitational waves—
can be responsible for the production of DM or other very
weakly interacting particles in the early Universe. Similar

questions were explored in earlier works, e.g., [21].
Remarkably, as we will show here, the answer is yes.
This is particularly relevant because the early Universe

can be expected to be permeated by stochastic GWs.
Numerous mechanisms for their production have been
studied in detail, including gauge fields in inflation
[22–24], first-order phase transitions [25–28], primordial
magnetic fields [29,30], preheating and gauge preheating
[31,32], cosmic strings [33,34], etc. Stochastic GW back-
grounds have been a hot topic of research for decades, and
their detection prospects have been thoroughly discussed.
However, their role in DM freeze-in remains, to the best of
our knowledge, a largely unexplored avenue.
In this Letter, we compute the energy density of Weyl

fermions in the presence of a stochastic GW background in
the early Universe at 1-loop using in-in formalism. Our key
result will be that a GW background in the early Universe
introduces new physical scales and naturally produces
Weyl fermions. If these fermions later acquire a mass,
they can play the role of the DM today. To introduce this
new DM production mechanism and find analytical esti-
mates, we consider a simple phenomenological broken
power-law model for the GW spectrum, which provides a
good fit to the results of simulations in many scenarios, e.g.,
phase transitions [35] and primordial magnetic fields [36].
We expect that our result is generic, but accurately
estimating the resulting fermion energy density for other
sources of primordial GWs typically requires advanced
modeling and simulations, which we leave for future work.
A more detailed analysis can be found in the companion
paper, Ref. [37].
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Fermions in an expanding universe—The action of
massless fermions in curved spacetime is

Sψ ¼ i
2

Z
d4x

ffiffiffiffiffiffi
−g

p ½ψ†
Lσ̄

μD
↔

μψL þψ†
Rσ

μD
↔

μψR�; ð1Þ

where ψR;L are the right-handed and left-handed Weyl
fermion fields, respectively, Dμ is the spinor covariant

derivative, andD
↔

μ ≡ D⃗μ − D⃖μ. In the Friedmann-Lemaître-
Robertson-Walker metric of an expanding universe, the
effect of curvature can be absorbed by redefining the
fermion field as Ψ≡ a3=2ψ, where Ψ is the canonically
normalized field associated with ψ and a is the time-
dependent scale factor of the Universe. The fermion energy
density is diluted like a−4 with the expansion of the
Universe as a consequence of the conformal symmetry
of Weyl fermions. In the following, we will show that
cosmic perturbations break this conformal symmetry and
create Weyl fermions.
The metric of an expanding universe permeated by a GW

background is, up to first order in the GW amplitude,

ds2 ¼ −dt2 þ a2ðtÞðδij þ hijÞdxidxj; ð2Þ
where hij describes the GW, for which we choose the
transverse-traceless gauge. We use the mostly plus con-
vention for the metric in this Letter. The metric perturbation
can be decomposed into Fourier modes as

hijðτ;xÞ¼
X
s¼�

Z
d3qhs;qðτÞesijðq̂Þeiq:xâsqþc:c:; ð3Þ

where the sum runs over the two circular polarization states
of GWs [38], and τ is the conformal time, related to
physical time via dτ ¼ dt=aðtÞ. The Fourier coefficients
h�;q give the amplitude of each Fourier mode and polari-
zation state, âsq denotes the canonically normalized grav-
iton annihilation operators, and e�ijðq̂Þ denotes the left-
handed and right-handed circular polarization tensors of
helicity �2. In this Letter we consider unpolarized gravi-
tational waves.
The first-order interaction Lagrangian between the Dirac

field ΨD ¼ ðΨL;ΨRÞ⊤ and GWs is

Lð1Þ
int ¼ −

i
2a4

hijΨ̄Dγ
i
∂

↔

jΨD: ð4Þ

It corresponds to the cubic vertex Vhψψ in Fig. 1. At second
order in the metric perturbation, the fermion–GW inter-
action is [39]

Lð2Þ
int ¼ −

i
16a3

eμαhij∂μhikΨ̄DΓαjkΨD; ð5Þ

which corresponds to the quartic vertex Vhhψψ in Fig. 1.
Here Γαjk is the totally antisymmetrized product of three

gamma matrices, and eμα are the tetrads. Note that we have
written Eqs. (4) and (5) for Dirac fields; it is straightforward
from these expressions to find the associated interaction
vertices for Weyl fermions of either chirality. For the
derivation of Eqs. (4) and (5), see Appendix B of [37].
In the following, we focus on right-handed Weyl

fermions; left-handed Weyl fermions be can treated com-
pletely analogously, and Dirac (Majorana) fermions can be
easily expressed in terms of two (one) Weyl fermions. For
simplicity, we omit the subscript R. The Weyl fermion field
can be decomposed as

Ψ ¼
Z

d3k

�
UkðτÞb̂keik:x þ VkðτÞĉ†ke−ik:x

�
; ð6Þ

where b̂k denotes the particle annihilation operators and ĉ†k
is the antiparticle creation operators. The corresponding
spinors are UkðτÞ and VkðτÞ; they are related by CP
symmetry. At zeroth-order in hij we have [41]

Uð0Þ
k ¼ e−ikτffiffiffi

2
p ð2πÞ32 E

þ
k and Vð0Þ

k ¼ eikτffiffiffi
2

p ð2πÞ32 E
−
−k; ð7Þ

where k≡ jkj and E�
k are the helicity eigenstates [37]. At

zeroth order in the gravitational perturbation, the field
equation of Weyl fermions is not time dependent, so no
particle production occurs [4].
As shown in the companion paper, Ref. [37], the

contribution of the quartic interaction Vhhψψ to the fermion
energy density vanishes for unpolarized GWs; therefore,
we will in the following neglect the quartic vertex.
We remark that if the GW background is chiral, the

triangle diagram corresponding to the (global) gravitational
anomaly should also be considered [42]; see, for instance,
Refs. [16,17,43].
Fermion production by stochastic gravitational waves at

1-loop—Consider the DM energy density

ρψ ¼ i
2a4

Ψ†
∂

↔

τΨ: ð8Þ

To determine this quantity in a GW background, we
evaluate the expectation value of ρψ in the in-in formalism.
Having established above that the contribution of Vhhψψ

vanishes for unpolarized GWs, we evaluate the contribution

of Lð1Þ
int (Vhψψ in Fig. 1), i.e.,

FIG. 1. The graviton-fermion cubic and quartic vertices.
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hρψi≡
�Z

τ

τin

dt00Hintðτ00Þρψ ;IðτÞ
Z

τ

τin

dt0Hintðτ0Þ
�
; ð9Þ

where τin is the initial time. Here, the operator ρψ ;IðτÞ is
ρψ ðτ;xÞ in the interaction picture, and the interaction
Hamiltonian is

HintðtÞ ¼ −
Z

d3xa3ðtÞLð1Þ
int ðt;xÞ: ð10Þ

Evaluating Eq. (9) involves Wick-contracting of the fer-
mion and graviton fields appearing in Hint and ρψ ;I .
Diagrammatically, these contractions can be represented
as a loop diagram. Note that we do not evaluate the graviton
two-point function hhs0;q0 ðτ00Þh�s;qðτ0Þi as a propagator
of a quantum field, but as an expectation value of a
classical field.
We present here a concise overview of the steps taken,

deferring the detailed computation to the companion paper
[37]. Assuming an unpolarized GW background and
imposing its statistical isotropy, we have

hhs0;q0 ðτ00Þh�s;qðτ0Þi ¼ δ3ðq0 − qÞδss0 hhqðτ00Þh�qðτ0Þi: ð11Þ

With this, one can show that the fermion energy density is
[37] [44] (here ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ q2 − 2kq cos θ

p
)

hρψ i ¼
1=4π
a4ðτÞ

Z
dτ0

Z
dτ00

Z
∞

0

q2dq
Z

q

0

k4dkhhqðτ00Þh�qðτ0Þi

×
Z

dθ sin3θeiðkþωÞðτ0−τ00ÞðkþωÞ

×

�
2−

sin2θððωþ kÞ2þq2Þ
2ωðωþ k−qcosθÞ

�
þ c:c: ð12Þ

The integral in k, which in principle extends from 0 to∞, is
cut off at scales around q, implying that fermions of
momentum k can only be created by GW modes with
q≳ k. The reason is that a long-wavelength GWmode with
q ≪ k is seen by the fermion field as spatially quasiho-
mogeneous and can therefore be absorbed into a (large)
gauge transformation [45]. Here, as an approximation, we
introduce the cutoff at k ¼ q by hand.
In analogy to hρψ i, one can also calculate the pressure

density of the dark fermions, which is found to be

hPψ i ¼
1

3
hρψi ∝

1

a4ðτÞ : ð13Þ

This shows that the fermions produced via gravitational
wave-induced freeze-in indeed behave like radiation.
Stochastic gravitational wave backgrounds—To be able

to evaluate the remaining integrals in Eq. (12), we need to
model the stochastic GW background. This background
can originate from a variety of different processes, among

the most important of which are: (i) cosmological first-
order phase transitions, which proceed through the nucle-
ation and subsequent expansion of bubbles of the new
phase inside the old phase; they generate GWs in bubble
collisions and through sound waves and turbulence in the
cosmic fluid [25–28]; (ii) primordial magnetic fields
[29,30]; (iii) preheating and gauge preheating [31,32];
and (iv) cosmic strings [33,34]. The GW power spectrum
at a given (conformal) time τ depends on the dynamics of the
GW production process and on the expansion history of
the Universe.We separate these two dependencies and write

hs;qðτÞ ¼ a−1ðτÞT ðτ; qÞhs;q;0; ð14Þ
where hsq;0 is theGWspectral amplitude today at τ ¼ τ0, and
T ðτ; qÞ is a transfer function that describes the dynamics of
the GW production process and the gradual buildup of the
GW background. We parametrize the transfer function for
τ > τin as

T ðτ; qÞ ≈ ð1 − e−πβðτ−τinÞÞe−iqτ; ð15Þ
where β−1 is the characteristic timescale associated with the
process that sources the GW background. We denote the
conformal times associated with the start and end of GW
production as τin and τ�, respectively. We assume that β−1 is
shorter than a Hubble time, i.e., β=H� > 1, where
H� ≡ aðτ�ÞHðτ�Þ, and Hðτ�Þ is the value of the Hubble
parameter at conformal time τ�.
Describing the dynamics of GW production through any

mechanism and predicting the final spectrum hsq;0 typically
requires sophisticated numerical simulations. Nevertheless,
the results can typically be approximated by relatively
simple analytical fitting functions. Here, we will use a
broken power-law parametrization. Expressed in terms of
the fractional cosmological energy density of GWs today,
Ωgw;0ðqÞ ¼ 2πq5=ð3H2

0Þ
P

shhs;qðτ0Þh�s;qðτ0Þi, our ansatz
reads [48]

Ωgw;0ðqÞ ≈
8<
:

Ωpeak

�
q

qpeak

�
m

qmin < q < qpeak;

Ωpeak

�
q

qpeak

�
−n

qpeak < q < qmax;
ð16Þ

with m, n > 0. This ansatz corresponds to a peaked
spectrum with a maximum spectral energy density Ωpeak

at momentum (frequency) qpeak. There are three relevant
physical scales here: at low frequencies, the horizon scale
qmin ¼ H� provides a natural cutoff; at high frequencies,
the spectrum extends up to the smallest physical scales
associated with the source, typically of order qmax ≈ a�T�
(where T� is the temperature of the hot early Universe
plasma at τ�); finally, qpeak is a typical scale characterizing
the source. Equation (16) provides a good fit to the results
of simulations in many scenarios, e.g., phase transitions
[35,49] and primordial magnetic fields [36,50]. For GW
from phase transitions, the spectral index at frequencies
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below the peak is m ≈ 3 (imposed by causality), while the
one at high frequencies varies across the range n ∼ ð1–4Þ,
depending on whether GW emission is dominated by
bubble collisions, sound waves, or turbulence. Which of
these contributions is most relevant depends on the details
of the phase transition (degree of temporal coherence,
runaway bubbles vs nonrunaway bubbles [35,49,51,52]).
Equation (16) alone is not sufficient to evaluate the final

fermion energy density, which, according to Eq. (12),
depends not simply on the GW power spectrum, but on
their unequal-time two-point correlation function,
hhs;qðτ00Þh�s;qðτ0Þi, which is considerably more challenging
to determine than Ωgw;0ðqÞ. However, it is again possible to
use simple phenomenological models. We write [53]

hhs;qðτ00Þh�s;qðτ0Þi ¼ γqðΔτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hjhs;qðτ0Þj2ihjhs;qðτ00Þj2i

q
;

ð17Þ

where Δτ ¼ jτ0 − τ00j and γqðΔτÞ parametrizes the degree
of temporal coherence. We distinguish between two
extreme cases, namely fully incoherent GWs, for which
γqðΔτÞ ¼ Δηδðτ0 − τ00Þ and the characteristic coherence
time Δη is much shorter than the dynamical timescales
in the system, i.e., Δη ≪ β−1 [35], and fully coherent GWs,
for which γqðΔτÞ ¼ 1. As discussed in Refs. [35,54],
bubble collisions during a first-order phase transition can
be considered fully coherent, that is, deterministic in time.
In contrast, turbulence and magnetic field are partially
coherent GW sources.
Dark matter relic density—We are now ready to calcu-

late the fermion energy density at a time τ > τ�. To do so,
we plug the parametrization of the GW background from
Eq. (14) to (17) into Eq. (12). We find (see Ref. [37], for
details)

ρψðτÞ ≈ C
	
qpeak
aðτÞ



4
	
H0

H�



2

z2�Ωpeak; ð18Þ

where C is a dimensionless parameter differing for coherent
and incoherent GWs as

Cincoh ≈ 0.10Δηβ

8>>>><
>>>>:

1
4−n

�
qmax
qpeak

�
4−n

for n < 4;

ln
�
qmax
qpeak

�
for n ¼ 4;

ðnþmÞ
ð4þmÞðn−4Þ for n > 4

ð19Þ

for incoherent GWs, and

Ccoh ≈ 0.0084þ 0.023

8><
>:

1
n−2

�
1 −

�
qmax
qpeak

�
2−n

�
for n ≠ 2

ln qmax
qpeak

for n ¼ 2

ð20Þ

for coherent sources. To keep the second of these expres-
sions short, we have taken m ¼ 3 and we have set
β ¼ qpeak. The full expression can be found in Ref. [37].
To provide insight into the qualitative form of Eq. (18), we
note that it scales as a−4, characteristic of massless fields,
with q4peak dependence arising from dimensional analysis,
and the GW energy density at production, Ω�

peak ¼
ðρgw;�=3H2�M2

PlÞ ¼ z2�ðH0=H�Þ2Ωpeak.
For both coherent and incoherent GW sources, we find

that C depends strongly on the slope of the spectrum at high
frequencies. Cincoh is Oð1Þ for n ≥ 4, but depends strongly
on qmax=qpeak for n < 4. On the other hand, Ccoh isOð1Þ for
n ≥ 2, but has the strong dependence on qpeak=qmax for
n < 2. That is due to the shape of the spectral number
density of fermions. It exhibits a broken power-law: nk ∝
ðk=qpeakÞ4 for k < qpeak and nk ∝ ðk=qpeakÞα−n for qpeak <
k < qmax with αcoh ¼ 1 and αincoh ¼ 3. The break at k ¼
qpeak marks the transition between these two regimes.
Note that in our calculations we have neglected

the backreaction of fermion production onto the
GW background. This is justified by noting that
ρψ=ρgw ∼ Cq4peak=ðH2�M2

PlÞ ≪ 1.
To derive the fractional energy density of dark

fermions today, Ωψ ;0 we assume that the fermions, while
effectively massless at the time of production (where
T ≃ T�), have non-negligible mass M today, leading to
½ρψ ðτÞ=ρgwðτÞ� ∝ aðτÞ. The initially negligible fermion to
GW energy density increases with time and eventually can
be very large. Fermions can either remain massless
during the phase transition, acquiring mass through a
Higgs mechanism at lower temperatures, or have a mass
from the start, but M ≲H�. The fermion energy density
today is [55]

Ωψ ;0 ≡ ρψðτ0Þ
3M2

PlH
2
0

≈ 0.36C
	

g�
106.75


4
3

	
Ωpeak

10−6




×

	
M
T�


	
qpeak=H�

100



4
	

T�
3 × 1011 GeV



5

; ð21Þ

where MPl ¼ 2.4 × 1018 GeV is the reduced Planck mass.
The most important dependencies of Ωψ ;0 are on the GW
peak frequency qpeak [due to the strong momentum
dependence of hρψi, see Eq. (12), which ultimately stems
from the derivative in the interaction vertex, Eq. (4)] and on
the temperature T� (due to the redshift of the GW
spectrum). Typical values for the ratio between the GW
frequency and the Hubble scale (or, equivalently the
Hubble radius and the GW wavelength) are qpeak=H� ≳
102 for first-order phase transitions [35]. For the number of
relativistic degrees of freedom at T�, we have used the SM
value g� ¼ 106.75.
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We plot our result for Ωψ ;0 in Fig. 2. We see that our
mechanism can explain the observed DM density in the
Universe for a wide range of DM masses and temperature
scales, typically favoring T� well above the electroweak
scale, but safely below the Planck scale, and well below the
scales required for cosmological gravitational production of
supermassive fermions [4,5] and graviton-mediated anni-
halations in a very high temperature plasma [8,9] (yellow
bands in Fig. 2; see Ref. [37] for details). In producing the
plot, we have chosen particular values of Ωpeak and qpeak
[with Ωpeak below the big bang nucleosynthesis bound,
Ωpeak ≲ 3.5 × 10−6 mn=ðmþ nÞ] [56], but the scaling at
different Ωpeak, qpeak can be read off immediately
from Eq. (21).
Note that the values of T� and qpeak for which our model

explains the DM relic density correspond to GW peak
frequencies today, fpeak, of order kHz to GHz. The lower
end of this range falls within the sensitivity range of future
interferometric gravitational wave detectors like Einstein

Telescope [57] and Cosmic Explorer [58]. Signals at higher
frequencies are currently still out of reach, though many
novel detection concepts for GWs above the kHz band have
been proposed and are seeing rapid progress [59].
Summary and outlook—In this Letter, we have reported

the surprising connection between stochastic GW back-
grounds and the gravitational production of fermions in the
early Universe. Notably, while the expansion of the
Universe alone cannot change the number density of
massless fermions, in the presence of cosmic perturbations
like a classical background of GWs it can. The crucial point
here is that a GW background introduces new scales in the
system and breaks the fermions’ conformal invariance. Our
mechanism is also valid in asymptotically flat spacetimes,
though the resulting fermion abundance in this case is
cosmologically insignificant. The reason is that, in flat
spacetime, GW sources are typically local, and the GW
strain decays as r−1 away from the source [60,61].
As an important application of GW-induced freeze-in

[62], we have argued that, if the initially massless (or
effectively massless) fermions later acquire mass, they can
constitute all or part of the dark matter in the Universe. In
addition, GW-induced freeze-in may constitute an impor-
tant pathway for producing other extremely weakly inter-
acting fermion species such as right-handed neutrinos.
The next step in advancing this direction of research will

be to go beyond our analytical estimates and to use
numerical simulations to refine the precision of our
predictions. In separate studies, we are planning to do this
for the case of GWs from primordial magnetic fields and
for fluctuations during inflation.
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